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The chirp acquired by a Gaussian ultrashort pulse due to angular dispersion, unlike that of plane waves,
increases nonlinearly with propagation distance and eventually asymptotes to a constant. However, this in-
teresting result has never been directly measured. In this Letter, we use two-dimensional spectral interfer-
ometry to measure the propagation dependence of the chirp for Gaussian ultrashort pulses and beams with
angular dispersion. The measured chirp as a function of propagation distance agreed well with theory. This
work verifies both an equation and a measurement technique that will be useful for predicting or determin-
ing the pulse’s chirp in ultrafast optics experiments that contain angular dispersion. © 2009 Optical Society
of America

OCIS codes: 320.0320, 050.1940, 320.7100.

The linear chirp (we will call it “chirp” for simplicity)
that an ultrashort pulse can acquire from angular
dispersion is particularly useful in ultrafast optics,
because it can be negative or positive (if imaging is
used) and therefore offers much-needed control over
the pulse’s temporal duration [1–3]. Angular disper-
sion has also been used for other applications, such
as achromatic phase matching [4], pulse shaping [5],
and temporal focusing [6]. For these applications it is
important to understand how the pulse’s chirp
changes as it propagates. The plane-wave [1–3] and
Gaussian beam [7–9] models are commonly used to
calculate the pulse’s spectral phase due to propagat-
ing in the presence angular dispersion (where the
chirp ��2� is 1/2 of the coefficient of the second-order
term in the Taylor expansion of the spectral phase).
However, recent calculations have shown that the
propagation dependence of the chirp of Gaussian
pulses/beams due to angular dispersion is signifi-
cantly different from that of plane waves [10,11].

The chirp introduced by a four-pass prism pulse
compressor (assuming perfect alignment) has been
verified to be consistent with both the plane-wave
and the Gaussian beam models (see for example
[12]). Ultrashort pulses have also been measured in
the presence of angular dispersion [3,10,11,13–15],
but, to our knowledge, the propagation dependence of
the chirp has not been directly measured. Measuring
the chirp due to angular dispersion is difficult, be-
cause large amounts of angular dispersion signifi-
cantly increase the spot size and pulse duration,
which decreases the peak power. While techniques
such as frequency-resolved optical gating and GRE-
NOUILLE can be used for measuring pulses with
spatiotemporal couplings [14,15], these techniques
are nonlinear and do not work well when the peak
power is low. In this Letter, we use a linear technique
called two-dimensional spectral interferometry
(2DSI) [16,17] to measure the chirp of a Gaussian
beam/pulse as a function of propagation distance af-
ter a single prism.

For the plane-wave model, the chirp introduced to
the pulse by an angular disperser can be easily cal-
culated using geometrical-optical ray tracing [1–3],

�p
�2� = − k�2z. �1�

To obtain a more exact result, a two-dimensional
Gaussian beam model of the pulse [considering
E�y ,� ,z�] should be used. In this approach the
Kirchhoff–Fresnel integral is used to numerically
propagate the complex field [7,8] so that the expres-
sion for chirp can be derived by looking at the second-
order term in the spectral phase of the complex field
as a function z [11],

�g
�2� = −

d�d + �2z� + zR
2

�d + �2z�2 + zR
2 k�2z. �2�

In these equations, the subscripts p and g denote
plane-wave and Gaussian-beam models, respectively,
and k=2� /� is the wave number, � is the wavelength
of the laser pulse, zR=�w0

2 /� is the Rayleigh range,
w0 is the beam-waist size, d is the distance between
the beam waist and the angular disperser, and z is
the propagation distance after the angular disperser
of the center frequency. The parameters � and � are
the angular magnification and angular dispersion in-
troduced by the disperser [7,8].

The two expressions for chirp shown in Eqs. (1) and
(2) are quite different from each other. While �p

�2� al-
ways increases linearly with propagation distance,
�g

�2� increases less rapidly and eventually asymptotes,
which causes �g

�2� to always be less than �p
�2� after the

same propagation distance z (with the same �). This
is due to the decaying nature of the angular disper-
sion in a divergent Gaussian beam due to diffraction
[10,11]. Another striking difference in the two equa-
tions is that �p

�2�, unlike �g
�2�, depends only on the an-

gular dispersion and the propagation distance z and
is independent of the Gaussian beam parameters.
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Also, unlike the Gaussian-beam model, the plane-
wave model predicts that an increase in angular dis-
persion always introduces more chirp at a fixed value
of z. These two different approaches only give differ-
ent formulas when spatiotemporal couplings are
present (in this case, angular dispersion), and when
no couplings are present (i.e., a four-prism pass com-
pressor), the chirp is equal to that given by the plane-
wave model [7].

We performed an experiment to measure the
propagation dependence of the chirp in Gaussian
pulses/beams with angular dispersion. We used a KM
Labs Ti:Sa oscillator and an SF14 prism to introduce
angular dispersion. The detailed experimental pa-
rameters are: �0=800 nm, ��=20 nm, zR=0.19 m,
and d=2.0 m. To measure the chirp as a function of
propagation distance after the prism, we used a two-
dimensional spectral interferometer [16,17], which
includes mainly a Mach–Zehnder interferometer and
an imaging spectrometer, as shown in Fig. 1. Note
that in the presence of spatiotemporal couplings, the
measured spectral phase depends on the orientation
of the beam at the spectrometer; in our measure-
ments y is the dimension in which the beam was an-
gularly dispersed, and at every y we mapped wave-
length onto the horizontal camera position, making
the measured field the same one that we modeled.

To extract the spatiospectral phase ��y ,�� from a
single interferogram, we used a standard Fourier fil-
tering method in which a one-dimensional Fourier

transform of the data along the frequency axis iso-
lated a phase-containing term from the spectra
[18,19]. An inverse Fourier transform back to the fre-
quency domain then yielded the spatiospectral phase
introduced by the prism. We averaged the spatiospec-
tral phase over y to obtain ���� and then did a
second-order curve fit to extract the chirp (or 1/2 of
the coefficient of the ��−�0�2 term in the spatiospec-
tral phase). Figure 2 shows a typical interferogram,
the spectral phase retrieved from it, and a typical
curve fit to the spectral phase.

To measure the pulse’s chirp as a function of the
propagation distance z, we translated the cylindrical
lens in z, making the measurement at 18 locations
from z=1.4 to z=3.2 m away from the prism in incre-
ments of 10 cm. Figure 3 shows the results of one
measurement in which the beam entered the prism
at Brewster’s angle �	=60.2° �, and the measured
chirp as a function of z was compared to the theoret-
ical curves using both the plane-wave and the Gauss-
ian beam model.

This measurement agrees well with the calculation
using the Gaussian beam model but is in strong dis-
agreement with the results from the plane-wave
model, which proves that the chirp calculated by the
Gaussian beam model is more exact than that of the
plane-wave model.

To verify how the chirp changes as we change the
amount of angular dispersion introduced, we re-

Fig. 1. (Color online) Schematic of the interferometer and the imaging spectrometer. (Left) The beam was spilt into a
reference beam and an angularly dispersed beam, which were recombined with a second beam splitter, spatially flipped by
90° using a periscope, and then sent to the imaging spectrometer. The delay stage temporally separated the unknown and
reference pulses by �1 ps to yield spectral fringes. (Right) The imaging spectrometer used cylindrical and spherical lenses
to image the vertical dimension onto the camera. The cylindrical lens was translated to vary the imaging plane so that the
spectral phase of the angularly dispersed beam could be measured at different distances from the prism.

Fig. 2. (Color online) (Left) The 2DSI trace taken of the pulse 1.9 m after the prism. (Right) Retrieved spectrum and
spectral phase from the interferogram at the left. The thin solid curve shows the curve fit used to extract the chirp.
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peated this measurement at several other incidence
angles, and these results are shown in Fig. 4. Again
the measured chirp and the theoretical curves are in
good agreement. As mentioned above, an increase in
angular dispersion does not always introduce more
chirp at a given propagation distance.

The minor discrepancy between the experiment
and theory shown in Figs. 3 and 4 is likely due to sev-
eral reasons. First, some positive chirp is introduced
by the prism material, and this material thickness is
difficult to accurately measure (the measured path
length through the prism was used to add positive
chirp to the theoretical curves shown in Figs. 3 and
4), so this could have been slightly off. Second, the
difficulty in finely determining all of the experimen-
tal parameters (such as zR, d, �, and �) also intro-
duces some discrepancy. Finally, a small error could
also have resulted due to the curve fitting to find the
chirp from the spectral phase, although these curve
fits were very close, as can be seen from Fig. 2, which
shows a typical curve fit from our measurements
(there was an rms error of 5 fs2 in this fit, and all of
others were similar to this). In our 2DSI setup we re-
construct the field with a spectral range of about
35 nm and a spectral resolution around 1 nm (ac-
counting for the 10 times spectral resolution loss due
to Fourier filtering [19,20]). This is enough spectral

resolution for the measurements shown here, be-
cause the pulses were only from 40 to 800 fs long
[13]. A detailed study of the error and resolution in
spectral interferometry can be found in [20].

In summary, the evolution of the chirp of Gaussian
ultrashort pulses/beams due to angular dispersion
was experimentally verified using 2DSI. The chirp
does not vary linearly with propagation distance as
predicted by a plane-wave model. This result im-
proves our understanding of how the chirp due to an-
gular dispersion varies as the pulse propagates, and
we illustrated a simple way to calculate or measure
this chirp, which should be useful for applications of
ultrafast optics where angular dispersion is involved.
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Fig. 3. (Color online) Chirp as a function of propagation
distance z. The incidence angle is 	=60.2°.

Fig. 4. (Color online) Chirp as a function of propagation
distance z at different incident angles (	=58.5°, 60.5°,
62.5°; a smaller incident angle provides larger angular dis-
persion). The theoretical curves use the Gaussian-beam
model.
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